Considering the misalignment of gear root circle and base circle and accurate transition curve, an improved mesh stiffness model for healthy gear is proposed, and it is validated by comparison with the finite element method. On the basis of the improved method, a mesh stiffness model for a cracked gear pair is built. Then a finite element model of a cracked gear coupled rotor system in a one-stage reduction gear box is established. The effects of crack depth, width, initial position, and crack propagation direction on gear mesh stiffness, fault features in time domain and frequency domain, and statistical indicators are investigated. Moreover, fault features are also validated by experiment. The results show that the improved mesh stiffness model is more accurate than the traditional mesh stiffness model. When the tooth root crack appears, distinct impulses are found in time domain vibration responses, and sidebands appear in frequency domain. Amplitudes of all the statistical indicators ascend gradually with the growth of crack depth and width, decrease with the increasing crack initial position angle, and firstly increase and then decrease with the growth of propagation direction angle.
Introduction
A crack may initiate under the alternative load, which will reduce the structural strength and may lead to tooth fracture with crack propagation. Tooth fracture is the most serious fault in gear box and it may cause complete failure of the gear. If the tooth crack can be detected early and crack propagation can be monitored, a disastrous breakdown can be avoided by replacing damaged gear. The status of the tooth crack can be evaluated by the vibration response of the gear pair or gear coupled rotor system for condition monitoring purposes.
Vibration response of the gear pair is closely related to the time-varying mesh stiffness (TVMS) of the gear pair. Many researchers have developed many analytical methods to study the TVMS of healthy gears [1] [2] [3] [4] [5] [6] [7] [8] [9] . Considering Hertzian energy, bending energy, and axial compressive energy, Yang and Lin [1] calculated the TVMS of a gear pair by the potential energy principle. And this model was further refined by Tian [2] and Wu [3] by taking the shear energy into consideration. Assuming the gear body as a cantilever beam in the half plane, Zhou et al. [4] took the effect of the fillet foundation deflection into account and improved the method to calculate the TVMS. Based on the corrected tooth foundation deformation proposed by Sainsot et al. [5] , Chaari et al. [6] developed a model to calculate the TVMS. Considering that root circle and base circle are misaligned exactly, Wan et al. [7] developed a modified method to obtain the TVMS accurately by judging the number of gear teeth. Including the effect of the gear tooth errors, Chen and Shao [8] proposed a general analytical mesh stiffness model. Considering the friction and the possibility of contacts on both flanks, Fernandez Del Rincon et al. [9] presented a procedure for determining the TVMS. In addition to the analytical methods, many researchers also applied finite element (FE) model to calculate TVMS [10] [11] [12] [13] [14] .
Investigations on cracked gears have also been carried out by many researchers. A lot of researches focused on the crack propagation and the effect of the rim thickness on the crack propagation paths [15] [16] [17] [18] . In order to study the effect of crack propagation on the TVMS, different models of cracked gears were also developed based on analytical method and FE method. Based on the potential energy method proposed by Yang and Lin [1] , Tian [2] discussed the effects of a chipped tooth, a cracked tooth, and a broken tooth on TVMS by considering the shear energy and compared the vibration acceleration responses of the gear system under different fault types. On the basis of [2] , Wu et al. [19] studied the effects of tooth crack growth on the vibration response of a one-stage gearbox with spur gears by computer simulation and developed an analytical model for calculating the TVMS under a cracked tooth with different crack levels. Chaari et al. [6] presented an original analytical model of tooth crack, quantified the gear mesh stiffness reduction due to spur gear tooth crack, and verified the results obtained analytically by comparing with the results of FE model. Considering the tooth root crack propagations along both tooth width and crack depth, Chen and Shao [20] proposed an analytical model to investigate the effect of gear tooth crack on the TVMS. By this analytical formulation, the mesh stiffness of a spur gear pair with different crack lengths and depths can be obtained. Based on an improved potential energy method, Zhou et al. [4] developed a modified mathematical model for simulating gear crack from root with linear growth path in a pinion by considering the deformation of gear body. By assuming a parabolic curve instead of a straight line to deal with the tooth thickness reduction, Mohammed et al. [21] presented a new method to calculate the TVMS of the gear pair for a propagating crack in the tooth root and investigated the influence of gear mesh stiffness on the vibration-based fault detection indicators, the RMS, Kurtosis, and the crest factor.
As the above literatures show, extensive efforts have been devoted to study the TVMS of meshing gear pairs with or without tooth crack. However, previous studies mostly focused on gears themselves [20] [21] [22] , and in fact gear transmission systems are only one part of the whole rotor system. To study the dynamic characteristics of the whole rotor system better, the flexibility of shafts needs to be considered [23] [24] [25] [26] [27] [28] [29] [30] [31] . Kahraman et al. [23] developed a FE model of a geared rotor system on flexible bearings, including rotary inertia, axial loading, stiffness, and damping of the gear mesh. Kubur et al. [25] established a dynamic FE model of a helical gear transmission multi-parallel-shaft rotor system and analyzed its dynamic characteristics. Taking the flexural, rotary, and torsional degrees of freedom into account, Lee et al. [26, 27] established a FE model of a turbo-chiller rotor-bearing system with a bull-pinion speed increasing gear and analyzed the coupled natural frequencies and unbalance responses of this system. By using an extended FE model of a test gear-shaft-bearing system, Velex and Ajmi [30] compared the dynamic results from the formulations based on transmission error with the reference solutions. Ma et al. [31] established a FE model of a geared rotor system and investigated the effects of tip relief on vibration responses of this system. Omar et al. [32] presented a nine degree-of-freedom (DOF) model of a gear transmission system in which the gearbox structure is coupled with the gear shafts. Jia et al. [33] presented a dynamic model of three shafts and two pairs of gears in mesh, with 26 DOF, including the effects of TVMS, pitch and profile errors, friction, and a localized tooth crack on one of the gears.
In the abovementioned researches, the gear tooth is generally modeled as a nonuniform cantilever beam on base circle when the TVMS of spur gear is solved based on the energy method. However, root circle and base circle are misaligned exactly, so the solution error of TVMS will appear. Aiming at this situation, an improved mesh stiffness model is proposed, in which the gear tooth is simplified as a cantilever beam on the root circle. In addition, the accurate transition curve is also considered in the improved method. This study focuses on the computation of the TVMS of a cracked gear pair based on the improved mesh stiffness model. In addition, the dynamic model of cracked gear coupled rotor system is also established in which the meshing model of the gear pair with tooth crack is acquired by a lumped mass model considering TVMS and constant load torque [31] . Finally, vibration responses are obtained by Newmark-method and the time domain, frequency domain, and statistical indicators features are analyzed under different crack parameters.
The structure of the paper is as follows. After this introduction, mesh stiffness calculation of a spur gear pair with crack is presented in Section 2. An improved mesh stiffness model for a healthy gear pair is established and verified in Sections 2.1 and 2.2, respectively; an improved mesh stiffness model for a cracked gear pair is built in Section 2.3; on the basis of Section 2.3, TVMS for crack propagation along the tooth width is introduced in Section 2.4. In Section 3, a FE model of a cracked gear coupled rotor system is developed. Vibration responses of the cracked gear coupled rotor system are analyzed in Section 4. Effects of crack depth, width, initial position, and propagation direction on the system vibration responses are discussed in Sections 4.1, 4.2, 4.3, and 4.4, respectively. Measured vibration responses of the cracked gear coupled rotor system are performed in Section 5. Finally, conclusions are drawn in Section 6.
Mesh Stiffness Calculation of a Spur Gear Pair with Crack

An Improved Mesh Stiffness Model for a Healthy Gear Pair.
In many published literatures, the gear tooth is generally modeled as a nonuniform cantilever beam on base circle. However, root circle and base circle are misaligned exactly, especially when the number of teeth is larger or smaller than 41. In this section, an improved mesh stiffness model is presented, in which the misalignment effect between the root circle and base circle is considered and the gear tooth is simplified as a cantilever beam on the root circle. In addition, the accurate transition curve is also considered in the improved method. Before tooth profile curve equations are presented, some basic variable symbols have to be introduced:
is the module, is the number of teeth, is the pressure angle of the gear pitch circle, , , and are the radiuses of the pitch circle, addendum circle, and base circle of the gear, ℎ * is the addendum coefficient, and * is the tip clearance coefficient. Tooth profile curve can be divided into four parts, addendum curve , involute curve , transition curve , and dedendum curve (see Figure 1) . Equations of involute curve are expressed as follows:
Mathematical Problems in Engineering where = / cos ; ( ≤ ≤ ) is the pressure angle of the arbitrary point at the involute curve, in which = arccos( / ) and = arccos( / ) are the pressure angle of the involute starting point and the addendum circle, respectively; = √( tan − ℎ * / sin ) 2 + 2 is the radius of the involute starting point circle; inv is the involute function, inv = tan − , inv = tan − . Transition curve is formed in the process of machining by rack, which is not engaged in meshing but is of great importance. Its equations are defined as [34] = × sin (Φ) − (
where 
where is the total acting force on the contact teeth. The summation of Hertzian, bending, shear, and axial compressive and fillet foundation energies constitutes the total potential energy stored in a single pair of meshing teeth, which can be expressed as
( 1
where represents the total effective mesh stiffness of the pair of meshing teeth and subscripts 1 and 2 denote pinion and gear, respectively. According to (4), single-tooth-pair mesh stiffness can be given as
Consequently, the total TVMS of the gear pair in the mesh cycle with contact ratio between 1 and 2 can be calculated as
where 12 is the total TVMS of the gear pair in the mesh cycle and denotes thenumber of meshing tooth pair at the same time.
Hertzian contact stiffness and fillet foundation stiffness [6, 20] can be found in (7) and (8):
where , , and V represent Young's modulus, tooth width, and Poisson's ratio, respectively:
where is the operating pressure angle (see Figure 1 ) and parameters , , * , * , * , and * can be found in [5] . Based on the beam theory, axial compressive, bending, and shear energy of gear tooth comprised of involute and transitional part can be calculated by
where = cos , = sin , is the distance between the contact point and the central line of the tooth, is the distance between the contact point and original point in the horizontal direction, = /2(1 + V) is the shear modulus, 1 , 2 represent the horizontal coordinates of arbitrary point at transition curve and involute curve, , denote the horizontal coordinates of the starting point and ending point of the transition curve, 1 , 1 , 2 , and 2 represent the area moment of inertia and the cross-sectional area, respectively, and torques 1 = ( − 1 ) − and 2 = ( − 2 ) − denote the bending effect of and on the part of transition and involute curves.
For convenience, angular displacement is adopted in the calculation. According to the characteristics of involute and transition curve, , , 1 , 1 , 2 , 2 , 1 , 2 , 1 , and 2 can be expressed as the functions of angular , , or (see the appendix), and then axial compressive, bending, and shear stiffness can be written as follows based on (9):
1.2cos
where d 1 /d and d 2 /d are shown in the appendix.
Verification for Improved Mesh Stiffness Model by FE
Model. FE method is considered as an efficient and reliable tool for solving problems, and it is widely applied to calculate TVMS [10] [11] [12] [13] [14] . To reduce the computational time, analysis is performed by a 2D model with only one tooth (see Figure 2) , which is widely used and accepted in [6, 13] . The load is considered to be in the plane of the gear body and uniformly distributed along the tooth width. No load is applied in the axial direction and the stress is negligible. Without considering the contact between two gear teeth, meshing forces are applied on the tooth profile under the plane strain assumption. The inner ring nodes of the gear are coupled with the master node (the geometric centre of the gear), and the master node is restrained from all degrees of freedom. Subsequently, according to [21] , the deformation in the direction of action line can be acquired by deformations and , which are taken from FE model and given out as
The single-tooth stiffness without considering the contact between two teeth is calculated as
Mathematical Problems in Engineering Considering the influence of Hertzian contact, ℎ is introduced, as is shown in (7), and the single-tooth-pair mesh stiffness can be given as
where subscripts 1 and 2 denote the pinion and gear, respectively. Two gear pairs are selected to verify the validity of the improved mesh stiffness model and their parameters are listed in Table 1 . TVMS based on traditional method (TM) in which the gear tooth is modeled as a nonuniform cantilever beam on the base circle, improved method (IM) in which the gear tooth is simplified as a cantilever beam on the root circle and FE method (FEM) with precise profile curve are displayed in Figure 3 . Obviously, the results from IM and FEM show good agreement, while TM shows great difference from FEM. Thus it can be seen that IM is more accurate to calculate the TVMS than TM compared with the result of FEM.
An Improved Mesh Stiffness Model for a Cracked Gear
Pair. In order to simplify the crack model, the crack path is assumed to be a straight. The crack starts at the root of the driven gear and then propagates, as is shown in Figure 4 . The geometrical parameters of the crack ( , , ) are presented in Figure 4 , in which denotes the crack depth, the crack propagation direction, and the crack initial position. Assume that the crack extends along the whole tooth width with a uniform crack depth distribution and the tooth with this crack is still considered as a cantilevered beam. The curve of the tooth profile remains perfect and the foundation stiffness is not affected. In this case, based on (7), the Hertzian contact stiffness will still be a constant since the work surface of the tooth has no defect and the width of the effective work surface will always be a constant . For the axial compressive stiffness, it will be considered the same with that under the perfect condition in that the crack part can still bear the axial compressive force as if no crack exists. Therefore, for the gear with a cracked tooth, Hertzian, fillet foundation, and axial compressive stiffness can still be calculated according to (7) , (8), and (10), respectively. However, the bending and shear stiffnesses will change due to the influence of the crack. Therefore, based on (5) single-tooth-pair mesh stiffness for a cracked gear pair can be calculated as
where crack and crack denote bending and shear stiffnesses when a crack is introduced and subscripts 1 and 2 represent pinion and gear, respectively. When the tooth crack is present and ≤ 1 max (see Figure 4 (a)), the effective area moment of inertia and area of the cross section at the position of can be calculated as
where ℎ is the distance from the root of the crack to the central line of the tooth, which corresponds to point on the tooth profile, and ℎ can be calculated by
When the crack propagates to the central line of the tooth, 1 reaches its maximum value 1 max = / sin . Then the crack will change direction to 2 , which is assumed to be exactly symmetric with 1 , and in this stage = 1 max + 2 (see Figure 4 (b)). In theory, maximum value of 2 is 1 max ; however, the tooth is expected to suffer sudden breakage before crack runs through the whole tooth; therefore, the maximum value of 2 is smaller than 1 max . When the crack propagates along 2 , the effective area moment of inertia and area of the cross section at the position of can be calculated as
where max denotes the leftmost position of crack propagation (shown in Figure 4 (b)) and ℎ = 2 sin . Based on (11) and (12), the bending and shear stiffness of the cracked gear pair can be calculated. The schematic of the calculation process is presented in Figure 5 .
TVMS for Crack Propagation along the Tooth Width.
The mesh stiffness model proposed in [20] divided the tooth into some independent thin slices to represent the crack propagation along the tooth width, as is shown in Figure 6 . When d is small, the crack depth can be assumed to be a constant through the width for each slice, and stiffness of each slice denoted as ( ) can be calculated by (16) . Then, the stiffness of the whole tooth can be obtained by integration of ( ) along the tooth width:
Assume that the crack propagation is in the plane (see A-A in Figure 6 ). The crack depth along tooth width can be described as a function of in the coordinate system , which can be written as
The distribution of the crack depth is assumed to be a parabolic function along the tooth width to investigate the influence of crack width on TVMS [20] . When the crack width is less than the whole tooth width (see the solid curve in Figure 7 ),
where is the crack width and 0 is the crack depth on crack starting surface. When the crack width extends through the whole tooth width (see the dashed curve in Figure 7 ),
where is the crack depth on crack ending surface.
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Equations (14) and ( 
FE Model of a Cracked Gear Coupled Rotor System
In order to research on fault features of a cracked gear, it is necessary to consider the dynamic characteristics of the geared rotor system which owns realistic significance. Based on [31] , a geared rotor system model will be established. Dynamic model of a spur gear pair formed by gears 1 and 2 is shown in Figure 8 where the typical spur gear meshing is represented by a pair of rigid disks connected by a springdamper set along the plane of action, which is tangent to the base circles of the gears. 1 and 2 are their geometrical centers, Ω 1 and Ω 2 are the rotating speeds, and 1 and 2 are the radiuses of the gear base circles, respectively. 12 ( ) denotes nonloaded static transmission error which is formed solely by the geometric deviation component. Assuming that the spur gear pair studied in the paper is perfect, nonloaded static transmission error will be zero; that is, 12 ( ) = 0. 12 ( ) represents the mesh damping which is assumed to be zero. The angle between the plane of action and the positive -axis is represented by 12 defined as where 12 (0 ≤ 12 ≤ 2 ) represents the angle between the line connecting the gear centers and the positive -axis of the pinion and in this work, 12 = 0.
In order to consider the influence of the rotating direction of the pinion, the function is introduced as Each gear owns six degrees of freedom including translation in , , and directions and rotation about these three axes. With these six degrees of freedom for each gear, the gear pair has a total of 12 degrees of freedom that defines the coupling between the two shafts holding the gears. Without considering the tooth separation, backlash, friction forces at the mesh point, and the position change of the pressure line, the motion equations of the gear pair are written as 
Equation (26) can be written in matrix form as follows:
where X 12 is the displacement vector of a gear pair. M 12 , K 12 , C 12 , and G 12 represent the mass matrix, mesh stiffness matrix, mesh damping matrix, and gyroscopic matrix of the spur gear pair, respectively. F 12 is the exciting force vector of the spur gear pair. These matrices and vectors are defined thoroughly in [31] . Motion equations of the whole geared rotor system can be written in matrix form as
where M, K, C, and G are the mass, stiffness, damping, and gyroscopic matrix of the global system; u and F u denote the displacement and external force vectors of the global system. All these matrixes and vectors can be obtained in [31] . In this paper, the cracked gear coupled rotor system includes two shafts, a gear pair with a tooth crack in the driven gear (gear 2) and four ball bearings. The parameters of the system are listed in Table 2 , and the FE model of the geared rotor system is shown in Figure 9 . Material parameters of the shafts are as follows: Young's modulus = 210 GPa, Poisson's ratio V = 0.3, and density = 7850 kg/m 3 . Shafts 1 and 2 are both divided into 13 elements, and gears 1 and 2 are located at nodes 8 and 22, respectively (see Figure 9 ).
Vibration Response Analysis of a Cracked Gear Coupled Rotor System
Based on the cracked gear coupled rotor system proposed in Section 3, the system dynamic responses can be calculated by Newmark-numerical integration method. Firstly, a cracked gear with a constant depth 3 mm through the whole tooth width is chosen as an example to analyze the influence of the crack at the root of the gear on the system vibration responses. The parameters are as follows: rotating speed of gear 1 Ω 1 = 1000 rev/min, = 35 ∘ , = 45 ∘ , and crack depth = 3 mm ( 1 max = 3.2 mm under these parameters).
In this paper, vibration responses at right journal of the driving shaft in direction are selected to analyze the fault features under tooth crack condition. The acceleration responses of the healthy and cracked gears under steady state are compared and the results are shown in Figure 10 . In the figure, it is shown that three distinct impulses representing the mating of the cracked tooth appear compared with the healthy condition. And the time interval between every two adjacent impulses is exactly equal to the rotating period of the driven gear (0.0818 s) because the influence caused by cracked tooth repeats only once in a revolution of the driven gear. In order to clearly reflect the vibration features when the tooth with crack is in mesh, the enlarged views of vibration acceleration are displayed in Figure 10 (c), in which the gray region represents the double-tooth meshing area and the white region denotes the single-tooth meshing area. From the figure, it can be seen that the vibration level increases apparently compared with that of the healthy gear. Amplitude spectra of the acceleration are shown in Figure 11 . In the figure, denotes the meshing frequency (916.67 Hz). The figure shows that the amplitudes of and those of its harmonics (2 , 3 , etc.) for the cracked gear hardly change compared with the healthy gear, but the sidebands appear under the tooth crack condition, which can be observed clearly in Figure 11 (b). The interval Δ between every two sideband components is exactly equal to the rotating frequency of the cracked gear; that is, 2 = 12 Hz. So a conclusion can be drawn that the sideband components can be used to diagnose the crack fault of gear. 
Effects of Crack Depth. In this section the angle stands for crack propagation direction and is set at a constant 45
∘ , and the angle stands for crack initial position and is set at 35
∘ . In order to analyze the influence of crack depth on the geared rotor system, 31 crack depth cases are considered, which are shown in Table 3 . The crack depth percentage is defined as the ratio of actual crack depth with theoretical through-tooth crack size. The rotating speed of gear 1 Ω 1 = 1000 rev/min (in the following study the same speed is chosen). Four cases, each of which concerns a different crack size, are selected to study the influences of different crack depths. The selected cases are case 1, which is the healthy case; case 11 which represents a smaller crack; case 21 which represents a moderate crack; finally case 31 which is a deep crack. These four cases selected for stiffness and vibration responses comparison are referred to as A, B, C, and D, respectively (see Table 3 ). In order to verify the validity of the improved mesh stiffness model for a cracked gear pair, a FE model is also established, in which the crack is modeled using 2D singularity elements (see Figure 12) . TVMS under the four crack sizes are calculated as a function of the shaft rotation angle by the improved mesh stiffness model and the FE model. And the results are shown in Figure 13 . There will be eight lines when four crack cases of two models are considered. In order to clearly show the result difference between the improved method (IM) and finite element method (FEM) under different crack cases, the four cases are shown in two figures (see Figures 13(a) and 13(b) ). In the figures, 1 and 2 stand for IM and FEM, respectively; A, B, C, and D stand for different crack cases. It can be seen from the figure that distinct reduction of stiffness appears when tooth crack is introduced, and the maximum stiffness reduction during the mesh process for a fixed crack appears where the cracked tooth is just going to engage. This is because the relative bigger flexibility of the tooth at the addendum circle compared with that at the dedendum circle. IM shows a better agreement with the FEM under small crack depth conditions, such as cases A, B, and C. The result of FEM is slightly larger than that of the IM under the large crack condition, such as case D. In order to clearly display the variation of the stiffness with crack depths, the comparisons of the mean stiffness about the four cases are shown in Table 4 . In the table reduction percentages refer to the reduction percentage of the stiffness in case B (or C, D) relative to case A. It can be seen that the stiffness decreases with the growth of crack depth and the FEM shows the same changing trends as the IM. In the analysis of vibration responses, the TVMS acquired from IM will be used.
Vibration acceleration responses and the corresponding amplitude spectra under the four cases are shown in Figure 14 . For visual convenience, only the local enlarged view is displayed. It is very hard to observe the change in acceleration waveform produced by the gear tooth root crack when it is at early stage, such as case B. However, with the growth of gear tooth crack depth, the amplitudes of the impulsive vibration signals increase. The impulses caused by tooth crack are very obvious when the crack propagates to 60% (case D). In the acceleration amplitude spectra, the magnitudes of sidebands ascend with the crack propagation along crack depth.
Statistical features which are commonly used to provide a measurement of the vibration level are widely used in mechanical fault detection [3, 20, 21] . RMS and Kurtosis indicators are used to explore the effect of the crack propagation along depth [3] . The RMS value is defined as
And Kurtosis is calculated by
Variation of statistical indicators of vibration acceleration with the increase of crack depth is shown in Figure 15 
where shows the relative change of cracked signal indicator, subscripts Kurtosis and RMS denote different statistical indicators, and subscripts crack and health are cracked and healthy gear. Relative change ratios in Figure 15 (b) refer to the ratios of RMS and Kurtosis with those under the maximum crack depth (60% under this condition). It can be seen from the figures that, for original signals, RMS and Kurtosis change little when the crack depth is smaller, but when the crack depth becomes higher than 40%, Kurtosis exhibits an obvious increasing trend, while RMS increases slightly. For residual signals, unlike the results obtained from original signals, RMS shows obvious increasing pattern when the crack depth exceeds 20%. Compared with RMS, however, Kurtosis changes less obviously. So RMS acquired from residual signals is a robust indicator for early fault identification, which is similar to the results shown in [3] .
Effects of Crack Width.
In order to investigate the influences of crack width on the geared rotor system, 22 crack width cases are selected which are shown in Table 5 . The crack width percentage is defined as the ratio of actual crack width to the whole tooth width ( = 20 mm). It is noted that 120% of crack width represents the case when = = 20 mm and = 0 = 3 mm. Five cases corresponding to cases 1, 6, 11, 21, and 22 in Table 5 are referred to as A, B, C, and D and E. TVMS under the five cases are analyzed to illustrate the influences of crack width by IM (see Figure 16) . Since the FE model used in the paper is a 2D model, it is powerless to simulate the crack propagation along the tooth width. And because the crack depth is changing along the Mathematical Problems in Engineering tooth width, even if a 3D model is adopted, some difficulties will also occur. So in this section, the comparison of the mesh stiffness between the improved model and the FE model under different crack widths is not carried out. The comparisons of the mean stiffness about the five cases are shown in Table 6 . It can be seen from Figure 16 and Table 6 that the stiffness decreases with the growth of crack width.
Vibration acceleration responses and the corresponding amplitude spectra are shown in Figure 17 . The amplitudes of the impulsive vibration and the magnitudes of sidebands increase with the growth of crack width. For statistical features (see Figure 18 ), RMS and Kurtosis of original signal increase slightly when the crack width is smaller. When the crack width becomes higher than 80%, Kurtosis exhibits an obvious increasing trend. Reversely, RMS increases slightly. For residual signals, unlike the results obtained from the original signals, RMS shows obvious increasing pattern. In addition, there is a prompt increase for the two indicators when the crack propagates along the whole tooth width and continues to propagate along the crack depth. 
Effects of Crack Initial Position.
In this section, 12 crack initial position cases are considered which are shown in Table 7 . Four cases marked as A (stands for healthy gear), B, C, and D (see Table 7 ) are selected to study the influences of different crack initial positions on TVMS and vibration responses. The mesh stiffness curves obtained by IM and FEM under the above four cases are displayed in Figure 19 . The comparisons of the mean stiffness about the four cases are shown in Table 8 . It can be seen from Figure 19 and Table 8 that the stiffness ascends with the increase of the crack initial position angle and the FEM shows the same changing trends as IM.
Vibration acceleration responses and the corresponding amplitude spectra under the four cases are shown in Figure 20 . With the growth of initial position angle , the amplitudes of the impulsive vibration signals decrease. Similarly, in the acceleration amplitude spectra, the magnitudes of sidebands also decrease with the growth of initial position angle .
The variation of statistical indicators acquired from original signals and residual signals with the increase of initial position angle is shown in Figure 21 . For residual signals, the relative change ratio of = 65 ∘ crack is defined as 100%. As seen from the figures, for original signals, Kurtosis exhibits an obvious decreasing trend, while RMS decreases slightly. For residual signals, just the opposite, RMS shows obvious decreasing pattern with the growth of initial position angle . In addition, compared with original signals RMS acquired from residual signals changes more obviously.
Effects of Crack Propagation Direction.
In this section, 19 crack propagation direction cases are considered as shown in Table 9 . Seven cases marked as A (stands for healthy gear), B, C, D, E, F, and G (see Table 9 ) are chosen to study the influences of crack propagation direction on TVMS and vibration responses. Based on IM and FEM, the mesh stiffness curves under the above seven cases are displayed in Figure 22 . The comparisons of the mean stiffness about the seven cases are shown in Table 10 . It can be seen from Figure 22 and Table 10 that the stiffness firstly decreases and then increases with the growth of crack propagation direction angle . This is because the involute and transitional part of the gear loses much rigidity and becomes more and more flexible with the increase of crack propagation direction angle ; however, a crack with a pretty large has little effect on the rigidity of the transitional part. The FEM shows the same changing trends as the IM.
Vibration acceleration responses and the corresponding amplitude spectra are shown in Figure 23 . The amplitudes of the impulsive vibration and the magnitudes of sidebands firstly increase and then decrease with the growth of propagation direction angle .
The variation of statistical indicators acquired from original signals and residual signals with the increase of propagation direction angle is shown in Figure 24 . For residual signals, the relative change ratio of = 90 ∘ crack is defined as 100%. It is seen from the figures that, for original signals, RMS and Kurtosis change a little when the crack propagation direction angle is less than 50 ∘ , and then Kurtosis exhibits an obvious increasing trend and reaches the maximum when is close to 80 ∘ , and after that Kurtosis decreases regularly; RMS has the same phenomenon but changes less obviously. For residual signals, just the opposite, RMS shows obvious increasing pattern with the growth of propagation direction angle and reaches the maximum when is close to 80
∘ . In addition, compared with original signals, RMS acquired from residual signals changes more obviously.
Measured Vibration Response of a Cracked Gear Coupled Rotor System
The one-stage reduction gearbox with crack defect (see Figure 25 ) is designed to validate the theoretical results, and the parameters of the rotor and the spur gear pair are listed in Table 2 . The crack is manufactured near the root of the driven gear, and the crack depth is 3 mm. Vibration signals under tooth crack condition are measured by accelerometers whose locations are shown in Figure 25 . The sample frequency is 10000 Hz and the rotating speed of driving shaft is 1000 rev/min. So rotating frequencies of the driving and driven gear are about 16.7 Hz and 12.2 Hz, which are denoted by 1 and 2 , respectively, and meshing frequency is equal to 916.7 Hz. Time domain waveform of the vibration acceleration and its frequency spectrum at the right bearing of the driving shaft in vertical direction of healthy gear system and cracked gear system are displayed in Figures 26 and 27 , respectively. Comparation with Figures 26(a) and 27(a) shows the existence of large impulse under crack state, and frequency of impulse 1/Δ = 12.2 Hz is just the rotating frequency of the cracked gear. The impulse displayed in Figure 27 (a) shows the same features as that in Figure 10(b) . For the healthy geared rotor system and cracked geared rotor system, the amplitude spectra all show the meshing frequency and its harmonics (see Figures 26(b) and 27(b) ). Moreover, there also exist interference frequencies and sideband frequencies. For healthy geared rotor system, probably due to the mismachining tolerance, sideband frequencies around the meshing frequency and its harmonics are detected, which are related to the rotating frequency of the driving gear 1 ; for example, 932.8 Hz ≈ + 1 , 1815 Hz ≈ 2 − 1 . For cracked geared rotor system, the sideband frequency components around meshing frequency and its harmonics are different from healthy system, which are related to the rotating frequency of the driven gear; for example, 903.5 Hz ≈ − 2 , 1844 Hz ≈ 2 + 2 .
In addition, owing to the influences of many factors, such as the accuracy of involute cylindrical gears, variations of bearing stiffness, friction, interference of current, and noise on experiment results, frequency components of system are complicated and many interference frequency components appear, which leads to irregular shock in time domain waveform of healthy geared rotor system. But even if there are a lot of uncertain factors, for cracked geared rotor system, the vibration responses of the experimental signal agree with the theoretical results. 
Conclusions
Considering the misalignment of gear root circle and base circle, an improved mesh stiffness model for a healthy gear pair is proposed, and it is validated by comparison with the FE results. On the basis of the improved method, a mesh stiffness model for a cracked gear pair is established. Then the mesh stiffness is introduced into a geared rotor system to simulate the vibration response under different crack cases. The effects of tooth crack parameters including crack depth, width, initial position, and crack propagation direction on gear mesh stiffness, vibration responses, and statistical indicators are investigated. In the end, an experiment of the gearbox with a cracked tooth in driven gear has been designed to validate the failure characteristics. Some conclusions can be summarized as follows.
(1) The improved mesh stiffness model in which the gear tooth is modeled as a nonuniform cantilever beam on the root circle is more accurate compared with the traditional mesh stiffness model in which the gear tooth is modeled as a cantilever beam on the base circle.
(2) When tooth crack is introduced, distinct reduction of stiffness can be observed and the stiffness decreases with the growth of crack depth and width, increases with the increasing crack initial position angle , and firstly decreases and then increases with the increasing crack propagation direction angle .
(3) When tooth root crack is introduced, distinct impulses are found in time domain vibration responses and the time interval between every two adjacent impulses is exactly equal to the rotating period of the cracked gear. In frequency domain, the amplitudes of meshing frequency and its harmonics hardly change compared with healthy gear, but the sidebands appear under the tooth crack condition. The interval between every two sideband components is exactly equal to the rotating frequency of the cracked gear. The amplitudes of the impulses and the magnitudes of sidebands increase with the growth of crack depth and width, decrease with the increase of crack initial position angle , and firstly increase and then decrease with the growth of crack propagation direction angle . In addition, time and frequency domain vibration features measured by the experiment agree qualitatively with the analytical results. It is worth mentioning that the improved mesh stiffness model proposed in this paper cannot deal with this situation when the tooth crack propagates to the foundation of the gear. In future articles, emphasis will be given to the effect of tooth crack on the rigidity of the foundation. In addition, a 3D model considering the crack propagation along tooth width is another research focus.
